In this paper, we define the higher Frobenius-Schur (FS-)indicators for finite-dimensional modules of a semisimple quasi-Hopf algebra H via the categorical counterpart developed in a 2005 preprint. When H is an ordinary Hopf algebra, we show that our definition coincides with that introduced by Kashina, Sommerhäuser, and Zhu. We find a sequence of gauge invariant central elements of H such that the higher FS-indicators of a module V are obtained by applying its character to these elements. As an application, we show that FS-indicators are sufficient to distinguish the four gauge equivalence classes of semisimple quasi-Hopf algebras of dimension eight corresponding to the four fusion categories with certain fusion rules classified by Tambara and Yamagami. Three of these categories correspond to well-known Hopf algebras, and we explicitly construct a quasi-Hopf algebra corresponding to the fourth one using the Kac algebra. We also derive explicit formulae for FS-indicators for some quasi-Hopf algebras associated to group cocycles.
Introduction
The (degree 2) Frobenius-Schur indicator ν 2 (V ) of an irreducible representation V of a finite group G has been generalized to simple modules of semisimple Hopf algebras by Linchenko and Montgomery [LM00] , to certain C * -fusion categories by Fuchs, Ganchev, Szlachányi, and Vecsernyés [FGSV99] , and to simple modules of semisimple quasi-Hopf algebras by Mason and the first author [MN05] . A more general version of the Frobenius-Schur Theorem holds for the simple modules of semisimple Hopf algebras or even quasi-Hopf algebras. In particular, the Frobenius-Schur indicator of a simple module is non-zero if, and only if, the simple module is self-dual, and its value can only be 0, 1 or −1.
In proving that ±1 are the only possible non-zero values for the Frobenius-Schur indicator of a simple module of a semisimple quasi-Hopf algebra H over C [MN05] , the fact that H-mod fin is pivotal, proved by Etingof, Nikshych, and Ostrik [ENO] , has been used. Based on the pivotal structure, the second author [Sch04] later introduced a categorical definition of degree 2 Frobenius-Schur indicators and gave a different proof of the Frobenius-Schur Theorem for quasi-Hopf algebras.
The higher indicators of irreducible representations of a finite group do not have a direct interpretation as the degree 2 indicators (cf. [Isa94] ). The n-th Frobenius-Schur indicator of a finite-dimensional module V with character χ of a semisimple FROBENIUS-SCHUR INDICATORS FOR QUASI-HOPF ALGEBRAS 1841 ν n (V ) = χ(µ n (H)) where χ is the character of V . As an example, we derive a formula for the higher indicators for the semisimple quasi-Hopf algebra obtained from a semisimple Hopf algebra with a central group-like element of order 2 in Section 5. In Section 6, we use this formula to show that Frobenius-Schur indicators suffice to identify and distinguish the four gauge equivalence classes of non-commutative semisimple quasi-Hopf algebras of dimension 8 whose fusion rules (or K(H)) contain an abelian group isomorphic to Z 2 × Z 2 . The corresponding categories were classified by Tambara and Yamagami. Finally, in Section 7, we obtain formulae for the higher FS-indicators for the dual of the group algebra of a finite group G with quasi-Hopf algebra structure determined by a group 3-cocycle, and for its double, known as the twisted double D ω (G).
Preliminaries and notation
In this section, we recall the definition of quasi-Hopf algebras, some properties described in [Dri90] and [Kas95] , and some interesting results obtained in [HN] , [HN99b] , and [HN99a] . In the sequel, we will use the notation introduced in this section.
A quasi-bialgebra over a field k is a quadruple (H, ∆, , φ), in which H is an algebra over k, ∆: H → H ⊗ H and : H → k are algebra maps, and φ ∈ H ⊗3 is the associator. Here our convention of associator φ is given by the equation
A quasi-bialgebra (H, ∆, , φ) is called a quasi-Hopf algebra if there exist an antialgebra automorphism S of H and elements α, β ∈ H such that for all elements h ∈ H, we have S(h (1) )αh (2) = (h)α, h (1) βS(h (2) ) = (h)β , (1.2) φ (1) βS(φ (2) )αφ (3) = 1, S(φ (−1) )αφ (−2) βS(φ (−3) ) = 1 , (−3) and ∆(h) = h (1) ⊗ h (2) . In the above equations, the summation notation of the tensors has been suppressed. For simplicity, we will continue to do so in the sequel. The triple (S, α, β) or sometimes just the anti-automorphism S is called an antipode for H. We will simply write H for a quasi-bialgebra (H, ∆, , φ) or a quasi-Hopf algebra (H, ∆, , φ, α, β, S).
The module category H-mod of the quasi-bialgebra H is a k-linear monoidal category, or simply a tensor category. If H is a quasi-Hopf algebra, then the tensor category H-mod fin of all finite-dimensional H-modules is rigid, i.e. H-mod fin admits both left and right duality. Given any V ∈ H-mod fin with the left H-module structure given by ρ : H → End k (V ), the left dual (V ∨ , ev, db) of V is defined as follows:
(1) V ∨ = Hom k (V, k) with the H-action given by h → ρ(S(h)) * , License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 1842 SIU-HUNG NG AND PETER SCHAUENBURG Similarly, one can define ∨ V = Hom k (V, k) with the left H-action given by h → ρ(S −1 (h)) * and the linear maps ev :
Then ( ∨ V , ev , db ) defines a right dual of V (cf. [Dri90] and [Kas95] for the details).
Following [Kas95] , a gauge transformation on a quasi-bialgebra
Using a gauge transformation F on H, one can define an algebra map ∆ F :
Then
Two quasi-bialgebras A and B are said to be gauge equivalent if there exists a gauge transformation F on B such that A and B F are isomorphic as quasibialgebras. Let σ : A → B F be such a quasi-bialgebra isomorphism. Then the functor σ (-) : B-mod → A-mod, with σ V the left A-module with the underlying space V and the left A-action given by
, The elements q L and p L also occurred in [Dri90] . One can show (cf. [HN] ) that they obey the relations (for all h ∈ H) (2) . Suppressing the summation symbol and indices again,
R , etc. These elements also satisfy the identities (cf. [HN] ):
Module categories of quasi-Hopf algebras
In this section, we recall the canonical pivotal structure of the module categories of finite-dimensional semisimple quasi-Hopf algebras over C and some properties of these tensor categories. We also prove that two finite-dimensional quasi-Hopf algebras are gauge equivalent if, and only if, their module categories are tensor equivalent.
It is well known that if H and K are gauge equivalent quasi-bialgebras, then H-mod and K-mod are equivalent tensor categories (cf. [Kas95] ). The converse for finite-dimensional Hopf algebras was proved in [Sch96] . The quasi-bialgebra case was proved in [EG02, section 6]. Here we give a more straightforward proof for the case of finite-dimensional quasi-Hopf algebras.
Lemma 2.1. Let H be a quasi-Hopf algebra over a field k, R a k-algebra and V an H-R-bimodule. Then θ : Proof. It follows directly from (1.9) that θ is a natural bimodule homomorphism. Consider the H-module mapθ :
Using (1.9) and (1.11), one can easily verify that θθ =θθ = id. Hence, the result follows. 
As in (1.6), the algebra map σ induces a k-linear equivalence σ (-) : H-mod fin → B-mod fin and T ∼ = σ H as B-H-bimodules. The following B-module isomorphisms
are natural in V and hence σ (-) is k-linearly equivalent to F. Therefore, one may assume F(-) = σ (-). Note that (F, zξ, z −1 ξ 0 ) is also a tensor equivalence for any non-zero scalar z. One may further assume ξ 0 = id k and so we have H σ = B . Let
By naturality again, ξ X,Y = F · for any free H-modules X and Y . Moreover, we have
and, similarly, F F = 1⊗1. Therefore, F is invertible in H⊗H. Finally, by the commutativity of the diagrams
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Therefore, F is a gauge transformation on H and σ : B → H F is quasi-bialgebra isomorphism.
Recall that a pivotal structure for a rigid monoidal category C is an isomorphism j : Id → (-) ∨∨ of monoidal functors. A pivotal monoidal category is a rigid monoidal category with a pivotal structure.
Assume that H is a finite-dimensional semisimple quasi-Hopf algebra over C. It follows from [ENO, Section 8] that H-mod fin admits a unique pivotal structure such that the left pivotal dimension
We will refer to the pivotal structure described above as the canonical pivotal structure in the sequel. The canonical pivotal structure will be automatically preserved by any tensor equivalence to any other pseudo-unitary fusion category over C. It can be described explicitly in terms of the trace element
which is identical to the usual trace of f . In particular,
Therefore, H-mod fin is a (non-strict) spherical fusion category over C. This observation has been proved, in a more general context, by Müger [Müg03, Lemma 2.8].
In [ENO, Section 8] the existence of the canonical pivotal structure on H-mod fin is deduced from the fact that H-mod fin is pseudo-unitary; conversely, it is not hard to see that a spherical fusion category with positive pivotal dimensions is pseudounitary in the sense of [ENO] .
Proposition 2.4. Let H and K be gauge equivalent finite-dimensional semisimple quasi-Hopf algebras over C. Then every tensor equivalence from H-mod fin to K-mod fin preserves their canonical pivotal structures.
Proof. Since H-mod fin and K-mod fin are pseudo-unitary, the statement follows immediately from [NS, Corollary 6.2].
Frobenius-Schur indicators for semisimple quasi-Hopf algebras
In this section, we recall the definition of Frobenius-Schur indicators of an object in a linear pivotal category (cf. [NS] for the details). We then give a definition of higher Frobenius-Schur indicators for any finite-dimensional representations of a semisimple quasi-Hopf algebra H over C using the canonical pivotal structure of H-mod fin described in Section 2. It follows from [NS] that these indicators are invariants of the tensor category H-mod fin and hence gauge invariants of H.
Let C be a finite k-linear pivotal category, that is, a k-linear rigid monoidal category with a pivotal structure j :
composed of instances of the associativity isomorphisms Φ; explicitly Φ (1) is the identity, and
and put
Note that E
(1)
Following [NS] , for any positive integers n, r, the (n, r)-th Frobenius-Schur indicator of V is the scalar
We will call ν n (V ) := ν n,1 (V ) the n-th Frobenius-Schur indicator of V . Now, we can define the Frobenius-Schur indicators for the representations of a semisimple quasi-Hopf algebra over C.
Definition 3.1. Let H be a semisimple quasi-Hopf algebra over C and let C be the spherical category H-mod fin with the canonical pivotal structure described at the end of Section 2. For any V ∈ C, we call ν n,r (V ) the (n, r)-th Frobenius-Schur indicator of V and call ν n (V ) the n-th Frobenius-Schur indicator of V .
Proposition 3.2. Let H, K be gauge equivalent finite-dimensional semisimple quasi-Hopf algebras over C via the gauge transformation F on H and the quasibialgebra isomorphism
for any V ∈ H-mod fin and positive integers n, r. In particular, 
is identical to the n-th indicator of V defined by Kashina, Sommerhäuser and Zhu [KSZ] . Therefore, the definition of higher indicators given in Definition 3.1 is indeed a generalization of the higher indicators for Hopf algebras.
Frobenius-Schur endomorphisms-central gauge invariants
In [NS] , we have defined the n-th Frobenius-Schur endomorphism of an object in a semisimple pivotal monoidal category and related it to the Frobenius-Schur indicators. In the category H-mod fin for a semisimple quasi-Hopf algebra H, the Frobenius-Schur endomorphism is given by multiplication with a central element µ n (H) ∈ H. In this section we will obtain an explicit formula for this element µ n (H) in terms of the quasi-Hopf algebra structure and the normalized integral of H. In the case of an ordinary Hopf algebra, this formula simplifies to the n-th Sweedler power of the integral, so that χ(µ n (H)) specializes to the original definition of ν n (V ) in [KSZ] .
Let k be a field and C a finite k-linear semisimple pivotal category with pivotal structure j : Id → (−) ∨∨ and neutral object I such that C(X, X) ∼ = C(I, I) ∼ = k for all simple objects X of C. By [NS] , there exists a unique natural isomorphism τ V T : V ⊗T → T ⊗V for any I-isotypical object T and for any V ∈ C such that τ V I = id V . One can define the n-th Frobenius-Schur endomorphism of V as the composition (4.13) where
In the above equation, the identification C(I, I) = k has been used. Now, let C = H-mod fin for some finite-dimensional semisimple quasi-Hopf algebra H = (H, ∆, , φ, α, β, S) over C. As described in Section 1, for any V ∈ C, ( ∨ V , ev , db ) defines a right dual of V . Thus the maps U and C in the definition of the Frobenius-Schur endomorphism can be expressed in terms of q and p as follows. Let {u i } be a basis for V ⊗(n−1) and {u i } its dual basis for ∨ V ⊗(n−1) . For any
By [HN] , H admits a unique normalized two-sided integral Λ, that is, the two-sided integral of H such that (Λ) = 1. Then the trivial isotypical component V triv of a finite-dimensional H-module V is given by ΛV , and π(x) = Λx defines a retraction of the inclusion map ι : V triv → V .
Let us define
and recursively
for any positive integer n ≥ 2. Then Φ (n) : V ⊗(n−1) ⊗V → V ⊗n is given by the action of φ n on V ⊗n . For any h ∈ H, we will suppress the summation notation and simply write h (1) ⊗ · · · ⊗h (n) for ∆ (n) (h). In this notation, for any V ∈ C, the action of an element h of H on V ⊗n is given by
Now we can derive a formula for the n-th Frobenius-Schur endomorphism FS 
where m is the multiplication on H. Let us define
for any integer n ≥ 1. The following theorem shows that µ n (H) is a central gauge invariant of H. 
where χ is the character of V . In addition, if both α and β are invertible elements of H, then the element µ n (H) is given by
where Λ is the normalized two-sided integral of H. Let K be another semisimple quasi-Hopf algebra over C such that K is gauge equivalent to H via the gauge transformation F on H and the quasi-bialgebra isomorphism σ : K → H F . Then ( σ (-), F · , id) is a tensor equivalence from H-mod fin to K-mod fin . By [NS, Lemma 7 .3], the functor σ (-) preserves Frobenius-Schur endomorphisms. Therefore,
Proof. Since FS
for all x ∈ σ H. Therefore, σ(µ n (K)) = µ n (H). In particular, µ n (H F ) = µ n (H).
By [MN05, Lemma 3.1], we have the equations (4.18) βq
Y α for any X, Y ∈ {R, L}. Following from (4.18) and the equation 
) for a finite-dimensional H-module V with character χ. This recovers the formula used to introduce the n-th Frobenius-Schur indicator of V in [KSZ] .
Equation (4.17) contains the elements p L and q R which we recalled in (1.7) and (1.8). In fact it turns out that any combination of the p's and q's will give the same result. We need the following observation for the proof. 
where m is the multiplication on H.
Proof. The statement can be easily verified by direct computation. (1⊗S(h) ), for all h ∈ H. Then we have
This proves the statement. By the orthogonality of characters of finite groups, Using the fact that C[G] lies in the center of H and (5.21), it is straightforward to verify that H (G,ω,j) is a quasi-Hopf algebra. Let ω = ωδb for some normalized
Hopf algebras with central group-like elements
Since b is a normalized cochain, F is a gauge transformation on H (G,ω,j) . Moreover,
Since F lies in the center of H⊗H, ∆ F = ∆ and so H (G,ω ,j) = H F (G,ω,j) as quasibialgebras.
Remark 5.2. H and H (G,ω,j) are identical as bialgebras, and so their module categories are linearly equivalent. If H is also semisimple, then H and H (G,ω,j) have the same fusion rules for their irreducible representations. However, in general, H-mod fin and H (G,ω,j) -mod fin are not equivalent tensor categories if ω is not a coboundary. We will see examples for this below.
Let us further assume that H is a semisimple Hopf algebra over C with a central group-like element u of order 2 and G is the subgroup generated by u. Note that there is exactly one group isomorphism j from G toĜ and H 3 (G, C × ) is an abelian group of order 2.
Consider the function ω :
One can easily verify that ω is a non-trivial 3-cocycle of G and so ω represents the unique non-trivial cohomology class of H 3 (G, C × ). We will simply write H u for the quasi-Hopf algebra H (G,ω,j) . Let χ be the non-trivial character of G. Then j(u) = χ and so (5.23) e 1 = 1 2 (1 + u), e u = 1 2 (1 − u) and β = e 1 − e u = u .
We will proceed to obtain a formula of µ n (H u ). Let us denote the n-th Sweedler power of an element x of H by x [n] . It is easy to see that
z = e z if n is odd, δ z,1 1 if n is even for any z ∈ G. Thus, for any positive integer n, we have
where m is the multiplication of H. Since C[G] is commutative, by (4.15), we have (5.24) m(φ r ) = u (r−1)(r−2)/2 for all r ≥ 1. Indeed the formula is clearly correct for r = 1, 2, and for r ≥ 2 we have inductively Proof. Since u is in the center of H, φ n is also in the center of H ⊗n . Thus, by Theorem 4.1 and (5.24), we have 
The second equality follows from the fact that u acts on V as a scalar.
Example 5.4. As the simplest example, consider H = C[G], where G is the group of order 2 generated by u. Let V be the non-trivial 1-dimensional H-module. Since u acts on V as the scalar −1, we have ν n (V ) = 1+(−1) n 2 for all positive integers n. By Proposition 5.3, we have ν n (V ) = 1 + (−1) n 2 (−1) n(n−3)/2 = cos nπ 2 .
Examples and applications
In [TY98], Tambara and Yamagami have classified the fusion categories over C with five simple objects {a, b, c, d, m} and fusion rules:
(1) am = ma = bm = mb = cm = mc = dm = md = m, (2) mm = a + b + c + d, and (3) {a, b, c, d} forms an abelian group isomorphic to Z 2 × Z 2 . They found that there are four inequivalent such fusion categories. Three of these are tensor equivalent to the module categories of the following Hopf algebras: C[Q 8 ], C[D 8 ] and the 8-dimensional Kac algebra K, where Q 8 and D 8 are, respectively, the quaternion group and the dihedral group of order 8. Susan Montgomery raised the question whether one can explicitly construct a quasi-Hopf algebra whose module category is tensor equivalent to the fourth fusion category with the above fusion rules. Such a quasi-Hopf algebra is known to exist because the simple objects in the category have positive integer dimensions, and in principle it can be reconstructed from the description of the category in [TY98] . However, this general approach is bound to be tedious and yield a rather unwieldy result. The question remains whether the gauge equivalence class of quasi-Hopf algebras corresponding to the fourth category contains a nice representative which admits a more conceptual or concise description. In this section, we will answer this question by showing that these four fusion categories are tensor equivalent to
where u is the unique order 2 central group-like element of K. In particular, we show that C[D 8 ] is gauge equivalent to the quasi-Hopf algebra C[Q 8 ] u , and
Then H has a unique central group-like element u of order 2 and it has only one 2-dimensional irreducible representation V . We proceed to compute the Frobenius-Schur indicators of V in H-mod fin and those of V in H u -mod fin .
The 8-dimensional Kac algebra K is a semisimple Hopf algebra over C generated by x, y, z as a C-algebra with the relations:
x 2 = 1, y 2 = 1, z 2 = 1 2 (1 + x + y − xy), xy = yx, xz = zy, yz = zx .
The coalgebra structure is given by
The antipode of K is determined by
Note that u = xy is the unique central group-like element of order 2 of K (cf.
[Mas95] and [TY98] for more details on this Kac algebra). Let V be the degree 2 irreducible representation of K and χ the character of V . We have χ(u) = −2. The higher Frobenius-Schur indicators of V considered as a K-module are given by By Proposition 5.3, we can complete the following table of the Frobenius-Schur indicators for the 2-dimensional irreducible representation V of these quasi-Hopf algebras.
As a conclusion from this table and the results of [TY98], we have the following theorem. 
Higher indicators for quasi-Hopf algebras associated to group cocycles
In this section we will derive explicit Frobenius-Schur (FS)-indicator formulae for two kinds of quasi-Hopf algebras associated to a 3-cocycle on a finite group G. In particular, Bantay's formula for the second FS-indicator for a twisted quantum double of a finite group derived in [MN05] is a special case of these formulae (see also [Ban00] and [Ban97] ).
Let G be a finite group and ω a normalized 3-cocycle on G with coefficients in C × . One can construct a quasi-Hopf algebra H(G, ω) = (C[G] * , ∆, , φ, α, β, S) where multiplication, identity, comultiplication, counit and antipode are the same as the structure maps of the Hopf algebra C[G] * , and φ, α, and β are given by In particular, if n is not a multiple of the order o(x) of x, then ν n (V x ) vanishes. ν o(x) (V x ) is a root of unity whose order is the same as that of the cohomology class res x [ω] ∈ H 3 ( x , C × ), and ν s·o(x) (V x ) = ν o(x) (V x ) s for s ∈ N.
Proof. Clearly, e(1) is the normalized integral of H(G, ω). For any x ∈ G and integer n ≥ 1, e(x) [n] = m ∆ (n) (e(x)) = y n =x e(y) ,
where ∆ (1) = id and ∆ (n+1) = (id ⊗n−1 ⊗∆)∆ (n) for n ≥ 1, and m denotes the multiplication of H(G, ω). By the commutativity of H(G, ω) and Theorem 4.1, we have ν n (V x ) = χ x e(1) [n] β −1 m(φ n ) ,
where φ 1 = 1 H , φ 2 = 1⊗1, φ r+1 = (1⊗φ n )(id ⊗∆ (r−1) ⊗ id)(φ) .
for any integer r ≥ 2. Note that Obviously, there is a 3-coboundary f of G such that ωf = ω t x on x for some integer t.
Since ν n (V x ) is a gauge invariant,
Of course, the order of ζ t is the same as the order of res x [ω].
The twisted quantum double D ω (G) of a finite group. The twisted quantum double D ω (G) of G with respect to ω is the semisimple quasi-Hopf algebra with underlying vector space C[G] * ⊗C [G] in which multiplication, comultiplication ∆, associator φ, counit , antipode S, α and β are given by (e(g)⊗x)(e(h)⊗y) = θ g (x, y)δ g x ,h e(g)⊗xy , (7.26) ∆(e(g)⊗x) = hk=g γ x (h, k)e(h)⊗x⊗e(k)⊗x , (7.27) φ = g,h,k∈G ω(g, h, k) −1 e(g)⊗1⊗e(h)⊗1⊗e(k)⊗1 , (7.28) (e(g)⊗x) = δ g,1 , α = 1, β = g∈G ω(g, g −1 , g)e(g)⊗1 , S(e(g)⊗x) = θ g −1 (x, x −1 ) −1 γ x (g, g −1 ) −1 e(x −1 g −1 x)⊗x −1 , (7.29)
where δ g,1 is the Kronecker delta, g x = x −1 gx, and θ g (x, y) = ω(g, x, y)ω(x, y, (xy) −1 gxy) ω(x, x −1 gx, y) , γ g (x, y) = ω(x, y, g)ω(g, g −1 xg, g −1 yg) ω(x, g, g −1 yg)
for any x, y, g ∈ G (cf.
[DPR90]). By induction, one can show that (7.30) φ n = a 1 ,··· ,a n ∈G n−2 i=1 ω(a i , a i+1 · · · a n−1 , a n ) −1 e(a 1 )⊗1⊗ · · · ⊗e(a n )⊗1
for any integer n ≥ 2. The normalized integral of D ω (G) is given by Λ = 1 |G| x∈G e(1)⊗x .
Therefore, ∆(Λ) = 1 |G|
x,a∈G γ x (a −1 , a)e(a −1 )⊗x⊗e(a)⊗x and, by induction, we have (7.31) ∆ (n) (Λ) = 1 |G|
x,a 1 ,...,a n ∈G 1=a 1 ···a n n−1 i=1 γ x (a i , a i+1 · · · a n ) e(a 1 )⊗x · · · ⊗e(a n )⊗x for any integer n ≥ 1. Thus, we have Proposition 7.2. Let G be a finite group and ω a normalized 3-cocycle of G with coefficients in C × . Then, for any integer n ≥ 2, the n-th Frobenius-Schur indicator of any representation V of D ω (G) with character χ is given by (7.32) ν n (V ) = 1 |G|
x,a∈G x −n =(ax −1 ) n n−2 i=1 γ x (a x i , a x i+1 · · · a x n−1 )θ a (x i , x) ω(a x i , a x i+1 · · · a x n−1 , a x n )
· γ x (a, a −1 )θ a (x n−1 , x) ω(a, a −1 , a) · χ (e(a)⊗x n ) .
